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Abstract
We calculate stationary probability distribution of magnetic field, gen-
erated by moving charges of plasma environment, and stationary proba-
bility distribution of force, acting on charged particle in this environment,
with magnetic interaction taken into account. While the former hap-
pens to be the Holtsmark distribution, the latter is a modified Holtsmark
distribution. In contrast to prior works, we did no assumptions on the
velocity distribution function and thus obtained results should be applica-
ble to wider spectrum of models. Presented results can be experimentally
verified through studies of Zeeman effect or movement of small charged
Brownian particles in plasma.
Introduction
First works on stochastic diffusion in plasma date back to the first half of XX
century. For example, Taylor [1] considers diffusion of plasma in presence of
external magnetic field with emerging fluctuations of electric field taken into
account. Similar problem of Brownian motion in magnetic field was presented
in [2] by Kurs¸unogˇlu. This work was an extension of [3] by Chandrasekhar,
where probability distribution function of Brownian particle associated with
the magnitude of the velocity was calculated. Recent interest to this problem
reemerged with works [4–14]. They take into account electrostatic interaction
between particles and interactions between particle and external magnetic field;
the latter two [13, 14] generalize Chandrasekhar approach and calculate corre-
lation function of charge density.
Advances in spectroscopy led to new insights into electric and magnetic
fields acting on a particle in plasma. If the particle is capable of light emission-
absorption, these fields become a source of spectrum alteration leading to line
broadening or shift. For example, the Holtsmark theory [15] predicts line broad-
ening due to the Stark effect caused by local electric microfield. The latter satis-
fies Holtsmark distribution [3,15]. Another cause of changes in spectrum can be
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Zeeman effect — line splits in magnetic field. This effect is heavily used by as-
tronomers to measure magnetic field of stars [16–19]. But unlike electric field in
Holtsmark theory, magnetic field is mostly treated as some external parameter
given.
In current contribution we want to switch gears from magnetic field as an
external value to the magnetic field generated by the movement of charged
particles themselves. This field may cause certain measurable effects. For ex-
ample, [20, 21] provide expression for probability distribution of local magnetic
field and discuss its impact on Zeeman effect. But mentioned works are based
on Baranger-Moser-Iglesias theory and at some point assume particle’s veloc-
ity to have normal distribution. In current contribution we will provide al-
ternative derivation that is independent on velocities distribution function by
using Markov’s method. Presented approach is in close relation to the Chan-
drasekhar’s derivation of the Holtsmark distribution for gravitational forces [3].
Moreover, current approach can be utilized to estimate probability distribution
of force, acting on charged particle due to other charges present in plasma.
1 Distribution of magnetic field
In this section we aim to calculate the probability distribution of magnetic field
at the origin in an environment containing many discrete charges ±q. To begin
with, let’s write magnetic field due to i-th charge
~Bi =
qi
cr3i
[~ui × ~ri ] ,
where ~ri, ~ui, qi are position, velocity, and charge respectively (qi = ±q). The
total magnetic field at the origin can be written as
~B =
N∑
i=1
~Bi,
that can be treated as random walk (each ~Bi is a step). Here N designates the
total number of particles.
Now we apply Markov’s method that relates probability density function W
of ~B at the origin to its characteristic function AN
WN
(
~B
)
=
1
8pi3
+∞∫∫∫
−∞
exp
(
i~ρ · ~B
)
AN (~ρ ) d~ρ, (1a)
AN (~ρ ) =
N∏
i=1
c∫∫∫
|~ui|=0
R∫∫∫
|~ri|=0
exp
(
i~ρ · ~Bi
)
τi (~ri; ~ui) d~rid~ui, (1b)
where τi is the probability distribution function for i-th charge. As integration
limits we chose R — radius of sphere containing N charged particles and c —
speed of light (because no particle can exceed it).
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Now we suppose that particles are uniformly randomly distributed, i.e. the
only fluctuations occurring are those compatible with a constant average density
τi (~ri; ~ui) =
3
4piR3
τ (~ui)
and simplify (1b) to get the following
AN (~ρ) =
 3
4piR3
c∫∫∫
|~u|=0
R∫∫∫
|~r|=0
exp
(
i~ρ · ~b
)
τ (~u) d~rd~u

N
, (2)
where
~b =
q
cr3
[~u× ~r ] .
Here we used the fact that all charges qi are equal by magnitude and may differ
in sign only. But signs ± can be dropped due to the symmetry (action of positive
charge q at ~r is equivalent to the action of −q at −~r) and because we suppose
charges to be evenly distributed (probability of finding +q at some point is equal
to the probability of finding there −q).
Now we use the following property of probability distribution
3
4piR3
c∫∫∫
|~u|=0
R∫∫∫
|~r|=0
τ (~u) d~rd~u = 1.
Equation (2) can be written as
AN (~ρ) =
1− 3
4piR3
c∫∫∫
|~u|=0
R∫∫∫
|~r|=0
[
1− exp
(
i~ρ · ~b
)]
τ (~u) d~rd~u

N
.
We use the fact that lim|~r|→∞~b = 0 to conclude the inner integral converges
for big R and change its upper bound to infinity, but fix the particles density
n = 3N/(4piR3) as R → ∞ and N → ∞. Then we substitute N = 4npiR3/3
and use the definition of e constant to get the final form of (1)
W
(
~B
)
=
1
8pi3
+∞∫∫∫
−∞
exp
(
i~ρ · ~B
)
A (~ρ ) d~ρ, (3a)
A (~ρ ) = exp
−n c∫∫∫
|~u|=0
∞∫∫∫
|~r|=0
[
1− exp
(
i~ρ · ~b
)]
d~r τ (~u) d~u
 , (3b)
~b =
q
cr3
[~u× ~r ] . (3c)
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In (3b) integration over ~r can be performed. For this we expand ~ρ · ~b and
permute cyclically ~ρ, ~r, and ~u to get ~r · [~ρ× ~u ]. Than we choose coordinate
system so that Z axis points along [~ρ× ~u ] direction and get
A (~ρ ) = exp
−n c∫∫∫
|~u|=0
∞∫
0
+1∫
−1
2pi∫
0
[
1− exp
(
iq
cr2
t |~ρ× ~u |
)]
r2dϕ dt dr τ (~u) d~u
 ,
where t = cos(θ). After integration we get
A (~ρ ) = exp
−n8√2
15
(piq
c
)3/2 c∫∫∫
|~u|=0
|~ρ× ~u |3/2 τ (~u) d~u
 .
We expect ~u to be uniformly distributed with respect to directions τ(~u) →
τ(u)/(4piu2) and thus integration over angles can be performed. This means,
if length of ~u is fixed, it is equally probable to find it anywhere on the sphere
of radius u (has area 4piu2). We choose new coordinate system (this time Z
axis should point along ρ direction), perform integration over uϕ and rewrite
the rest as product of integrals
A (~ρ ) = exp
−n4√2
15
(piqρ
c
)3/2 pi∫
0
sin5/2(uθ)duθ
c∫
0
u3/2τ (u) du
 .
Integration over uθ can be performed in terms of Gamma-function Γ, while
integration over u yields mean value of u3/2
A (~ρ ) = exp
[
−npiΓ
2(−1/4)
25
(qρ
c
)3/2 〈
u3/2
〉]
.
Further we designate α = piΓ2(−1/4)/25 ≈ 3.02.
Let’s find expression for W ( ~B)
W
(
~B
)
=
1
8pi3
+∞∫∫∫
−∞
exp
(
i~ρ · ~B − nα
(qρ
c
)3/2 〈
u3/2
〉)
d~ρ.
We choose Z axis along ~B and perform integration over angles
W
(
~B
)
=
1
2pi2
+∞∫
0
sin(ρB)
B
exp
(
−nα
(qρ
c
)3/2 〈
u3/2
〉)
ρdρ.
Now we want to derive an expression for W (B) — probability density of the
absolute value of ~B. In general, this is performed by integrating over all ~B having
equal length. But from the previous equation we see, that W
(
~B
)
contains no
4
dependence on angles and thus integration is reduced to simple multiplication
by 4piB2 — surface area of the sphere containing all ~B having equal absolute
value. As a result we get
W (B) =
2
piB
+∞∫
0
x sin(x) exp
(
−nα
( qx
cB
)3/2 〈
u3/2
〉)
dx, (4)
that has form similar to Holtsmark distribution [15]. The only differences are:
magnetic field B is now the variable, not electric field E and the second one
— coefficient in exponent is scaled down by factor
〈
u3/2
〉
/c3/2. In contrast
to [20, 21] expression (4) does not contain thermal velocity, but instead uses
mean value of u3/2 that is dependent on probability distribution function of
velocity.
2 Distribution of force
Now let us calculate probability distribution of force acting on the charged
particle Q in an environment containing many other discrete charges ±q. To
begin with, let’s write down the force acting between particle, positioned at the
origin and possessing velocity ~v, and i-th charge of the plasma
~Fi = −Qqi
r3i
~ri +
Qqi
c2r3i
[~ui × [~v × ~ri ]] , (5)
where ~ri, ~ui, qi are position, velocity, and charge respectively (qi = ±q). The
former summand in (5) is the Coulomb force, while the latter is the Lorentz
force. The total force acting on the particle can be written as
~F =
N∑
i=1
~Fi,
that can be treated as random walk (now ~Fi are random steps). As previously,
N designates the total number of particles.
We apply Markov’s method as we did for magnetic field ~B in section 1.
Equations (1)-(3) and all appropriate considerations can be literally reproduced
with single modification ~b→~f that leads to
W
(
~F
)
=
1
8pi3
+∞∫
−∞
exp
(
i~ρ · ~F
)
A (~ρ) d~ρ (6a)
A (~ρ ) = exp
−n c∫
|~u|=0
∞∫
|~r|=0
[
1− exp
(
i~ρ ·~f
)]
d~r τ (~u) d~u
 (6b)
5
~f = −Qq
r3
~r +
Qq
c2r3
[~u× [~v × ~r ]] (6c)
Integrations in (6) are quite complicated, but certain approximation may
simplify it drastically. First, we use (6c) to express ~r in terms of ~f by rewriting
vector product from (6c) in terms of two scalar products, (~u · ~r ) and (~u · ~v ),
multiplying it by ~u to establish Qq (~u · ~r ) /r3 = −
(
~f · ~u
)
, and substitute this
back to (6c). As a result, ~r/r3 can be easily obtained; squaring it we get 1/r4
and with this information conclude
~r = −
√
Qq
√
c2 + (~u · ~v )
c2~f +
(
~u ·~f
)
~v∣∣∣c2~f + (~u ·~f)~v∣∣∣3/2 .
Jacobian det J~s
(
~f
)
is obtained by designating ~s = c2~f +
(
~u ·~f
)
~v and rep-
resenting det J~r
(
~f
)
= det J~r(~s ) · det J~s
(
~f
)
. Writing appropriate matrices
and calculating their determinants we get d~s = c4
(
c2 + (~u · ~v )) d~f and d~r =
d~s (Qq)3/2
(
c2 + (~u · ~v ))3/2 / (2|~s |9/2). Collecting everything together (6b) be-
comes
A (~ρ ) = exp
− n
∞∫
|~f |=0
[
1− ei(~ρ·~f )
] c∫
|~u|=0
(Qq)3/2 (1 + (~u/c · ~v/c))5/2
2
∣∣∣~f + (~u/c ·~f)~v/c∣∣∣9/2︸ ︷︷ ︸
I(~v/c)
τ (~u) d~ud~f
 .
Order of integration was changed since~f is now variable of integration and does
not depend on anything — all dependences were taken into account by the
Jacobian.
Now we make two assumptions. First of all we consider a non-relativistic
case, thus v  c and I(~v/c) can be approximated with its Tailor series
I
(
~v/c ≈ ~0
)
≈ I
(
~0
)
+
[
~v/c · ~∇~ξ
]
I
(
~ξ
)∣∣∣
~ξ=~0
+
1
2
[
~v/c · ~∇~ξ
]2
I
(
~ξ
)∣∣∣∣
~ξ=~0
,
where
I
(
~0
)
=
(Qq)3/2
2f9/2[
~v/c · ~∇~ξ
]
I
(
~ξ
)∣∣∣
~ξ=~0
=
(Qq)3/2
4c2f13/2
[
5
(
~f ·~f
)
(~v · ~u )− 9
(
~v ·~f
)(
~f · ~u
)]
1
2
[
~v/c · ~∇~ξ
]2
I
(
~ξ
)∣∣∣∣
~ξ=~0
=
3(Qq)3/2
8 c4f17/2
(
5f4 (~u · ~v )2 + 39
(
~u ·~f
)2 (
~v ·~f
)2
−
−6f2
(
~u ·~f
)2
v2 − 30f2
(
~u ·~f
)
(~u · ~v )
(
~v ·~f
))
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The second assumption is that we expect ~u to be uniformly distributed with
respect to directions as we did previously. It is taken into account by changing
τ(~u ) → τ(u)/(4piu2). The latter means, if length of ~u is fixed it is equally
probable to find it anywhere on the sphere of radius u that has area 4piu2. Let
us consider integral over velocities in A(~ρ ). In spherical coordinate system it
has the following form
c∫
|~u|=0
I (~v/c; ~u/c) τ (~u ) d~u =
c∫
0
pi∫
0
2pi∫
0
I (~v/c; ~u/c)
τ(u)
4pi
sin (uθ) duϕduθdu.
Here we have already taken into account that ~u is expected to be uniformly
distributed with respect to directions.
Now we can integrate everything with respect to angles. First term in Taylor
series does not depend on ~u and thus integration over angles is equivalent to
multiplication by 4pi. Integration of the second term is rather easy as well.
We integrate two summands separately choosing coordinate system so that
Z axis coincides with ~v and ~f respectively. Obviously it leads to integration
cos(uθ) sin(uθ) over [0;pi] and the whole result is equal to zero. The third term
of Taylor series is integrated similarly, but instead of cos(uθ) sin(uθ) we get
cos2(uθ) sin(uθ) for the first three summands (is integrated to 2/3 and 2pi comes
from integration over uϕ) and the last summand can be integrated in Cartesian
coordinates (relatively easily if symmetries are used). As a result we get
c∫
|~u|=0
I (~v/c; ~u/c) τ (~u ) d~u ≈ (Qq)
3/2
2f9/2
+
(Qq)3/2
〈
u2
〉
8 c4f13/2
(
9
(
~v ·~f
)2
− f2v2
)
= g(~v ).
Mean value
〈
u2
〉
comes from the integration of u2 with probability distribution
function τ(u). This is convenient result, since we can express this term through
environment’s temperature.
Now we perform integration over~f in A(~ρ ). We use symmetry (g is invariant
under~f→ −~f substitution) and change exp
(
~ρ ·~f
)
to cos
(
~ρ ·~f
)
, since the other
part of complex exponent — i sin
(
~ρ ·~f
)
— is antisymmetric and vanishes as
integration over the whole space is performed
A (~ρ ) = exp
−n pi∫
0
∞∫
0
2pi∫
0
[
1− cos
(
~ρ ·~f
)]
g(~v )f2 sin(τ)dωdfdτ
 . (7)
Integration in (7) is a bit tedious. We describe a general pathway and some
intermediate results without too much details. First of all, we choose conve-
nient coordinate system — Z axis should be directed along ~ρ while Y axis
should be perpendicular to ~v, thus vy = 0. In this system ~f has coordinates
~f = {f sin(τ) cos(ω); f sin(τ) sin(ω); f cos(τ)}. Since τ is angle between ~f and ~ρ
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we can deduce
(
~ρ ·~f
)
= ρf cos(τ). Coordinates for vector ~v are in this system
~v = {v sin(ν); 0; v cos(ν)}. We notice that
(
~v ·~f
)2
is the only part of integrand
dependent on ω — all the rest parts of integral are just multiplied by 2pi during
integration over ω. But in a chosen coordinate system
(
~v ·~f
)2
is easily inte-
grated as well
∫ 2pi
0
(~v ·~f )2dω = piv2f2 (1− cos2(τ)− cos2(ν) + 3 cos2(τ) cos2(ν)).
Now we designate t = cos(τ), mention that sin(τ)dτ = dt and v2 cos2(ν) =
(~v · ~ρ)2 /ρ2. This leads to
g¯(~v ) =
pi(Qq)3/2
f9/2
+
pi(Qq)3/2
〈
u2
〉
8 c4f9/2ρ2
(
7v2ρ2 − 9 (~v · ~ρ) + 9t2 [9 (~v · ~ρ)− v2ρ2]) ,
A (~ρ ) = exp
−n ∞∫
0
1∫
−1
[1− cos (ρft)] g¯(~v )dt f2df
 .
Integration over t is now easily performed (doing it by parts when t2 is inte-
grated). And as a last step everything is integrated by f and we finally get
A (~ρ ) = exp
[
−8
√
2npi3/2ρ3/2(Qq)3/2
15
(
1 +
〈
u2
〉
4c4ρ2
[
v2ρ2 + (~v · ~ρ )2
])]
. (8)
Minor simplification can be achieved if we suppose that
〈
u2
〉 c2 in addition
to v2  c2. This means we can approximate (8) with first two terms of Taylor
series
A (~ρ ) = e−a(ρ)
(
1− a(ρ)
〈
u2
〉
4c4ρ2
[
v2ρ2 + (~v · ~ρ )2
])
, (9)
where a(ρ) = 8
√
2npi3/2ρ3/2(Qq)3/2/15. Expression (9) can be directly sub-
stituted into (6a), or we may want to find its mean over all directions of ~v in
case we are interested in microfield distribution dependent on particle’s kinetic
energy only (but not direction of the velocity). In this case we get
W (F | v) = 2
piF
+∞∫
0
x sin(x)e−a(x/F )
(
1− a(x/F )
〈
u2
〉
v2
3c4
)
dx. (10)
It is worth noting that we moved from vector-valued force ~F to its absolute
value F by taking the mean value W (F ) = 4piF 2W
(
~F
)
.
Equation (10) coincides with Holtsmark distribution [15] if 〈u2〉 = 0. The
latter means Holtsmark distribution is special case of (10) when temperature is
zero (m〈u2〉 ∼ kT ).
3 Results
We have obtained stationary probability distribution functions for absolute
value of magnetic field B (4) and force F (10) acting on charged particle that
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moves with velocity v in plasma environment. Let us briefly analyze these find-
ings.
First of all, it is convenient to rewrite (4) in a bit different form. We introduce
variable
β = n2/3α2/3q
〈u3/2〉2/3
c
, (11)
that has dimension of [B] and thus is characteristic magnetic field of the system.
Now we can measure magnetic field B and the probability distribution W (B)
in terms of characteristic field β, e.g. B = βb and W (B) = w(b)/β, that leads
to
w(b) =
2b
pi
+∞∫
0
x sin(bx) exp
(
−x3/2
)
dx. (12)
The plot of (12) looks as in figure 1. This is Holtsmark distribution; same distri-
bution have gravitational field of randomly arranged masses [3] and electrostatic
field of randomly placed charges (as in plasma) [15]. Thus, in some sense, we
could call this result expectable.
1 2 3 4 5
B,@ ΒD
0.05
0.10
0.15
0.20
0.25
0.30
0.35
W,@1 ΒD
WHBL
Figure 1: Probability distribution function W (B) in terms of characteristic
magnetic field β.
One should notice, equation (11) contains 〈u3/2〉 without specifying how this
number should be obtained. The reason is, we did no assumptions on velocity
distribution function up to this point. This is in contrast to theories based on, for
example, Baranger-Moser-Iglesias theory [20,21] that assume particle’s velocity
to have normal distribution. Thus, obtained equations should be applicable to
broader spectrum of models.
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For practical use we may estimate few valuable parameters by means of
numeric calculations
Most probable B Mean, 〈B〉 √〈B2〉 √〈B2〉 − 〈B〉2
≈ 1.6β ≈ 3.2β ≈ 6.9β ≈ 6.1β
We see that B’s order of magnitude is approximately equal to the characteris-
tic magnetic field β (11). As an immediate consequence, we roughly estimate
Zeeman effect for hydrogen molecule
∆E ∼ 2~e
mec
〈B〉 ≈ 17.5× 10−9 eV
Gauss
β[Gauss]. (13)
We expect this effect to be measurable in some cases.
Now let us switch gears to the force acting on charge. We have already
obtained probability distribution function (10), but it still can be refined if
we measure everything in terms of some characteristic force φ and constant ω
comprising velocities
φ =
3
√
128
225
pi2n2/3Qq; ω =
〈
u2
〉
v2
3c4
. (14)
We may suppose W (F |v) = w(f |ω)/φ and F = φf thus getting
w(f |ω) = 2f
pi
+∞∫
0
x sin(fx) exp
(
−x3/2
)
(1− xω)dx. (15)
We see that (15) is very similar to the (12) (Holtsmark distribution). The
only difference seen is correction term xω. From definition of ω (14) we know
that 0 < ω < 1/3, but due to assumptions that velocities in the system are not
relativistic, we can assume ω  1/3. In case of ω = 0 (e.g. zero temperature)
we get exactly the Holtsmark distribution.
Let us provide some estimations as we did for magnetic field B.
Most probable F Mean, 〈F 〉 √〈F 2〉 √〈F 2〉 − 〈F 〉2
≈ (1.6 + 0.6ω)φ ≈ (3.2 + 5.1ω)φ ≈ (6.9 + 9.0ω)φ ≈ (6.1 + 7.0ω)φ
All results in this table were obtained as approximations for small ω, expanding
expressions into Tailor series where needed. From the table we see that F ’s order
of magnitude is equal to characteristic force φ. In contrast to similar result for B,
proportionality coefficient is not strictly constant, but contains small correction
proportional to ω. We suppose that studies of Brownian particles in dusty
plasma may provide some experimental verification of provided results.
Conclusion
In conclusion, we have obtained stationary probability distribution W (B) (4)
of magnetic field B that is generated by movement of charges in plasma and
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stationary probability distribution of force W (F | v) (10) acting on charged
particle that moves with velocity v in plasma environment (electrostatic and
magnetic interactions are taken into account). Introducing characteristic mag-
netic field β (11) and characteristic force φ (14) we obtained two dimensionless
distributions – w(b) (12) and w(f |ω) (15). The former (12) perfectly coincides
with Holtsmark distribution and looks similar to the one obtained in [20, 21].
But in contrast to these works we neither assumed any particular distribution
of the velocities nor used Baranger-Moser-Iglesias theory and thus (11) con-
tains mean value 〈u3/2〉 that is dependent on unspecified velocities distribution
making it compatible with wider spectrum of models. This result was in some
sense expected since gravitational field of randomly arranged masses [3] and
electrostatic field of randomly placed charges (as in plasma) [15] manifest same
distribution. We suppose, obtained result can be verified experimentally, e.g.
by means of Zeeman effect we roughly estimated (13).
Distribution (15) is a modification of Holtsmark distribution – it contains
purely Holtsmark part that corresponds to electrostatic interaction and correc-
tion proportional to ω (14) that corresponds to magnetic interaction. At zero
temperature, i.e. 〈u2〉 = 0 → ω = 0, obtained distribution perfectly coincides
with Holtsmark distribution. One should notice, deriving (10) we used the fact
that velocities ~ui of moving charges are uniformly distributed with respect to
directions, thus velocity v should be measured with respect to a frame of refer-
ence possessing this property. We suppose, obtained results may be valuable to
studies of Brownian motion in plasma environment.
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